Abstract. Let X be a proper CAT(0) space and let G be a cocompact group of isometries of X which acts properly discontinuously. Charney and Sultan constructed a quasi-isometry invariant boundary for proper CAT(0) spaces which they called the contracting boundary. The contracting boundary imitates the Gromov boundary for δ-hyperbolic spaces. We will make this comparison more precise by establishing some well known results for the Gromov boundary in the case of the contracting boundary. We show that the dynamics on the contracting boundary is very similar to that of a δ-hyperbolic group. In particular the action of G on ∂cX is minimal if G is not virtually cyclic. We also establish a uniform convergence result that is similar to the π-convergence of Papasoglu and Swenson and as a consequence we obtain a new north-south dynamics result on the contracting boundary. We additionally investigate the topological properties of the contracting boundary and we find necessary and sufficient conditions for G to be δ-hyperbolic. We prove that if the contracting boundary is compact, locally compact or metrizable, then G is δ-hyperbolic.
Introduction
The Gromov boundary has been a very useful and powerful tool in understanding the structure of δ-hyperbolic groups. The boundary has a large array of nice topological, metric, and dynamical properties that can be used in probing everything from subgroups and splittings to algorithmic properties. It has also played an important role in proving various rigidity theorems.
For proper CAT(0) spaces there is a nice visual boundary, but Croke and Kleiner showed that such a boundary is not a quasi-isometry invariant [1] . They constructed two different CAT(0) spaces with non-homeomorphic visual boundaries on which the same group acted geometrically. The visual boundary can still be used to study CAT(0) groups, for instance it can detect products [2, II.9.24], but the failure of quasi-isometry invariance is a serious blow. In [3] Charney and Sultan construct a natural topological space associated to a CAT(0) space, called the contracting boundary, which is a quasi-isometry invariant.
One of the many properties that geodesics have in a δ-hyperbolic space is that there is a uniform upper bound on the diameter of the shadow that a ball, which is disjoint from the geodesic, casts on the geodesic. It turns out that this is a very powerful property and the existence of such geodesics in a space has significant consequences for the geometry [4, 5, 6] . Such geodesics are called contracting geodesics.
The contracting boundary, ∂ c X, of a CAT(0) space X is the set of contracting rays in X up to asymptotic equivalence. It is homeomorphic to the Gromov boundary when X is also δ-hyperbolic and is designed to imitate the Gromov boundary for more general CAT(0) spaces. However, the behavior of the contracting boundary for CAT(0) groups is still not very well understood, so we hope to help lay out the ground work for a program of study to better understand it and its implications for CAT(0) groups.
The rank-rigidity conjecture of Ballman and Buyalo says that for sufficiently nice CAT(0) spaces, the non-existence of a periodic contracting axis implies that the space is either a metric product, a symmetric space, or a Euclidean building [7] . Rank-rigidity theorems have been proven for many different classes of spaces including Hadamard manifolds, CAT(0) cube complexes, right angled Artin groups as well some others [8, 9, 10, 11] . In light of these results, the study of CAT(0) groups can often be reduced to the study of CAT(0) groups with a contracting axis. Building off the work of Ballman and Buyalo we show that a CAT(0) group has a contracting axis if and only if the contracting boundary, ∂ c X, is non-empty. Thus the contracting boundary is a promising tool for the study of CAT(0) spaces and groups.
Several of the rigidity theorems for hyperbolic groups can be proven through a careful study of the dynamics of the action of the group on its boundary [12, 13, 14] . These rigidity theorems become even more striking when further geometric structures are added, such as the Mostow rigidity of finite dimensional hyperbolic manifolds [15] .
Our most promising results have been predominantly dynamical. While the topology of the contracting boundary tends to be rather pathological, many of the dynamical properties of the Gromov boundary are shared by the contracting boundary.
There are two main dynamics results that we obtain in this paper. The first says that the orbit of any contracting ray is dense.
Theorem 4.1. Let G be a group acting geometrically on a proper CAT(0) space. Either G is virtually Z or the G orbit of every point in the contracting boundary is dense.
The second dynamics result concerns a more powerful convergence group like property. This is similar to the π-convergence of a CAT(0) group on its visual boundary.
Theorem 4.2. Let X be a proper CAT(0) space and G a group acting geometrically on X. If g i is a sequence of elements of G where g i x → γ + for some x ∈ X and γ + ∈ ∂ c X, then there is a subsequence such that g −1 i x → γ − for γ − ∈ ∂ c X and for any open neighborhood U of γ + in ∂ c X and any compact K in ∂ c X − γ − there is an n such that g i (K) ⊆ U for i ≥ n.
The normal version of π-convergence introduced by Papasoglu and Swenson in [16] and the north-south dynamics due to Hamenstädt in [6] both deal with the visual topology on the visual boundary. Because the topology on the contracting boundary is not the subspace topology these theorems don't directly apply.
Both of these results are well known for the action of a hyperbolic group on its boundary. We will discuss them both in greater detail in section 4.
The topology on the contracting boundary is defined as a direct limit of subspaces, ∂ D c X, consisting of rays with contracting constant bounded by D. The topology is quite fine and as a result it is more pathological than one would expect from a bordification. While the subspaces ∂ D c X are compact and metrizable, we prove that the direct limit, ∂ c X is not always compact (nor locally compact) for CAT(0) groups, though it is known to be σ-compact [3] . In section 3 we define the topology and discuss some of the basic topological facts about it.
One of the powerful tools that is available when studying the Gromov boundary is the family of metrics on it. In section 5 we show that a number of topological properties, including the metrizability of the contracting boundary, characterize when the space is δ-hyperbolic.
Theorem 5.1. Let X be a complete proper CAT(0) space with a geometric group action. Then the following are equivalent:
A generalization of the contracting boundary for proper metric spaces, called the Morse boundary, was introduced by Cordes in [17] . It would be interesting to see if any of these results hold true in that more general setting. In particular, it seems like many of the necessary pieces are already known for an analogue of theorem 5.1 for the Morse boundary [17, 18] .
Some basics on contracting geodesics
For the entirety of this paper we will assume that a geodesic a(t) is an isometric embedding of R into a metric space. For convenience we will often conflate the image of the embedding with the map itself. For the subsequent discussion we may assume that unless stated otherwise all metric spaces are proper and satisfy the CAT(0) inequality.
Notation: We will adopt the notation convention that [x, y] represents the unique geodesic between the points x, y ∈ X. For a point x ∈ X and a point α ∈ ∂X we will use half open intervals [x, α) to denote the unique geodesic starting from x which is in the equivalence class of α. When we use double parentheses, (α, β), we will mean a specific bi-infinite geodesic which is in the equivalence class of both α and β, note that it will not be unique. For an infinite geodesic a(t) in X we will use a(∞) to denote the equivalence class of a(t) in ∂X. (Recall that two infinite geodesics are equivalent in ∂X if they are within a bounded neighborhood of one another).
Definition 2.1 (Contracting geodesics). A geodesic a(t) is said to be
Contracting geodesics can be thought of as detecting hyperbolic 'directions' in a CAT(0) space. Another useful, and equivalent, property of hyperbolic like geodesics is that of δ-slimness. This is much closer to the notion of Gromov hyperbolicity.
Definition 2.2 (Slim geodesics).
A geodesic a(t) is said to be δ-slim if for all y / ∈ a(t) and all z on a(t) there exists a point w on the geodesic [y, z] such that d(π a(t) (y), w) ≤ δ.
It turns out that this property will be much more versatile for our purposes, luckily for us the two notions are equivalent in proper CAT(0) spaces. For a complete proof see [3] and [5] . Lemma 2.3. If a(t) is a contracting geodesic with contracting constant A then a(t) is δ A -slim for some δ A which depends only on A. The converse is also true, if a(t) is δ slim then it is Φ(δ)-contracting where Φ(δ) depends linearly on δ.
I will adopt the convention that Bestvina-Fujiwara used in [5] , that all constants will be denoted by Φ(·). Typically the function Φ(·) will be linear in it's terms. When constants are referenced in later statements the relevant lemma and theorem number will be added as a subscript. Sometimes it will be expedient to drop the terms of Φ if they are clear from context, e.g. lemma 2.3 says that if a(t) is a δ-slim geodesic it is Φ 2.3 -contracting.
One of the most important facts about the contracting constant of a geodesic is that it is controlled by the contracting constants of near by geodesics. This will very important in the sequel as it will allow us to push contracting geodesics around via isometries and give us fine tuned control on the contracting constants of a target geodesic. A proof for this is in [5] . Though they do not write down the explicit Φ(A, D, D ) in their paper it is possible to recover the one above from their work.
Another important property of contracting geodesics is that subsegments of a contracting geodesic are contracting. So unless otherwise specified we may assume that if a(t) is A-contracting all subsegments are also A-contracting.
Lemma 2.5. If a(t) is a contracting ray with contracting constant A then a subsegment of it is Φ(A)-contracting where Φ(A) = A + 3.
Bestvina-Fujiwara prove this in [5] in a slightly more general context. To understand why the contracting constant may have to increase, note that there are balls that don't intersect the subsegment but do intersect the original contracting ray. The increase can be thought of as making up for some possible differences in the local geometry of the subsegment compared to the original ray.
As a converse to the previous lemma, sometimes we will need to piece together two contracting geodesics into a longer geodesic. It is an easy warm up exercise to show that this new geodesic is also contracting. In contrast with geodesics in Euclidean flats the diameter of the projection of any geodesic onto a contracting geodesic is finite. The proof can be found in [3] .
Lemma 2.7. If a(t) is a contracting geodesic and b(t) is any other infinite geodesic then the projection of b(t) onto a(t) is of bounded diameter D.
In a δ-hyperbolic space geodesics are coarsely determined by their end points on the boundary. For CAT(0) spaces which contain Euclidean flats this is easily seen to be false, if the geodesic happens to be δ-slim however it is true. Lemma 2.8. Let a(t) be a δ-slim bi-infinite geodesic. If b(t) is a bi-infinite geodesic which stays a bounded distance from a(t) then b(t) will be in the 2δ-neighborhood of a(t).
Proof. Left as an exercise to the reader.
As a consequence of the bounded projection property for contracting geodesics Charney-Sultan proved in [3] that contracting geodesics have a strong visibility condition.
Lemma 2.9 (Visibility). If X is a CAT(0) space and a(t) is a contracting geodesic then if b(t) is any geodesic in X there is a bi-infinite geodesic from b(∞) to a(∞).
Lemma 2.10. If X is a proper CAT(0) space and a(t) is a δ slim geodesic in X then for any x ∈ X the distance d(π a(t) (x), [x, a(∞))) ≤ δ. This just extends the concept of δ-slimness.
Proof. This is just an application of the δ-slim condition to the sequence of geodesics [x, a(N )] and the Arzelá-Ascoli theorem This next lemma gives us information about the global geometry when the equivalence class of a contracting ray is fixed by a cocompact group action. This lemma will allow us to rule out the existence of global fixed points in the contracting boundary later on.
Lemma 2.11. Let G be some group acting cocompactly by isometries on a CAT(0) space X. If there is some α ∈ ∂X such that G fixes α and some representative of α is contracting, then every ray in X is contracting.
δ A P C C Figure 1 . A globally fixed contracting geodesic
Proof. Let b(t) be some ray in X. Pick a representative a(t) of α such that a(0) = b(0) = x. Note that because one of the representatives of α is contracting, all of them are, though the contracting constant will depend on x, so let A be such that a(t) and all subsegments of a(t) are A-contracting. By lemma 2.7 the projection of b(t) onto a(t) is bounded, i.e. there is a P such that d(x, π a(t) (b(i))) ≤ P for all i. By cocompactness we also have a C ≥ 0 and a collection
Where the second inequality is by the definition of P and the fact that the projection function is non-increasing.
Because the g i leave α fixed we have that g i a(t) is the geodesic connecting g i x with α. Since a(t) is contracting, by lemma 2.10 there is a δ A so that for all i d(π a(t) (g i x), g i a(t)) ≤ δ A . We can then derive the following inequality:
Because all subsegments of g i a(t) are also A-contracting we have that [b(0), b(i)] is close to an A-contracting geodesic and lemma 2.4 then implies that [b(0),
is then contracting since every initial segment is contracting with the same constant.
Definition 2.12. Let X be a complete CAT(0) space. The angle ∠(α, β) between α, β ∈ ∂X is defined as sup
Where ∠ x (α, β) is the Alexandrov angle between the two (unique) geodesics which start at x and are in the equivalence class of α and β. The function ∠(·, ·) defines a metric on ∂X making it a complete metric space. The associated length metric is called the Tits metric and is denoted d T (α, β).
For further information on the Tits metric see [2, Chapter II.9].
The following is a result of Ballmann and Buyalo [7, Proposition 1.10] and it supplies us with a rank one isometry for all complete cocompact CAT(0) spaces which have a contracting ray. Proposition 2.13. Suppose the limit set Λ ⊂ ∂X is non-empty then the following are equivalent.
(1) X contains a periodic rank-one geodesic.
Corollary 2.14. Let X be a complete and proper CAT(0) space and let G act on X geometrically. If X has a contracting ray then there is a rank-1 isometry.
Proof. By the strong visibility condition in lemma 2.9, if X has a contracting ray a(t) then it is visible from all points ξ ∈ Λ. The geodesic between a(∞) and any ξ 0 ∈ Λ guaranteed by visibility tells us that the Alexandrov angle ∠(a(∞), ξ 0 ) = π.
To show that the Tits distance is larger than π from any point ξ ∈ Λ, pick a geodesic from a(∞) to ξ inside the Tits boundary ∂X and call it c (note: if no such geodesic exists then d T (a(∞), ξ) = ∞). Now let ξ 0 be a point on c separate from a(∞) and ξ. Then we will have that
, ξ) > π and we have that X has a rank-one periodic geodesic.
We need the following technical fact about geodesics in metric spaces at several points in this paper, we include a proof for the sake of completeness.
Lemma 2.15. Let γ(t) be a geodesic in a metric space X and let x be a point in
There are two cases, ≥ t 0 or < t 0 .
In the first case if we consider the geodesic triangle defined by γ(0), γ( ), and x, but let's rewrite = t 0 + a. The triangle inequality says that t 0 + a ≤ D + t 0 i.e. a ≤ D. Then considering the triangle defined by the three points γ(t 0 + a), γ(t 0 ), and x we get a new triangle inequality d(x, γ(t 0 )) ≤ a + D ≤ 2D.
In the second case we will again consider the geodesic triangle given by γ(0), γ( ), and x but this time and we will write = t 0 − a. The triangle inequality fashions us with t 0 ≤ D +(t 0 −a) or a ≤ D. Considering the triangle defined by γ(t 0 −a), γ(t 0 ), and x we get the triangle inequality d(x, γ(t 0 )) ≤ D + a ≤ 2D.
The topology of the contracting boundary
The topology of the contracting boundary is very different from that of the visual boundary. Later, in section 5, we will show that the contracting boundary is often not a metric space. In fact, we show it to not even be first-countable. In anticipation of that we will prove some elementary topological facts about the contracting boundary (and limit spaces in general) to facilitate some of the later proofs.
First, let's define the contracting boundary and then we will talk about some of its basic topological properties.
c X x be the set of infinite geodesic rays that start at x and are D-contracting, we shall call this the D-component of the contracting boundary. This is a subspace of the visual boundary of X, ∂X x , and has the associated topology on it.
c X x , so taking all non-negative D we get a directed system. The contracting boundary, denoted ∂ c X x , is the union of all of the D-components with the direct limit topology.
The homeomorphism type (but not the contracting constants) of the contracting boundary is independent of the base point x, and so typically this will be suppressed when there is no danger of confusion [3] .
One of the basic properties of a direct limit space is that a set in the space is open (respectively closed) if and only if its intersection with each component is open (closed). In fact, this is often taken as the definition.
Because the topology of the contracting boundary is so dependent on the topology of the components it will be useful to know how the subspace topology on the components sits inside of the visual topology. The following is lemma 3.3 in [3] . Understanding compact sets in the contracting boundary will be important later in our investigation. It turns out that compact sets in the contracting boundary are closely related to the compact sets of the visual boundary, but are limited by their contracting constants. 
X is a closed set in ∂X by 3.2, then K is a closed subset in C and therefore compact in ∂X. Now the topology on ∂ c X is defined in such a way so that each of the components ∂ D c X are topologically embedded into ∂ c X, i.e. compact subsets of ∂ D c X will also be compact in ∂ c X. So K is a compact set in ∂ c X.
These assumptions guarantee that there is some sequence of geodesics {a i (t)} in K where a i (t) is D i -contracting and D i → ∞. By possibly passing to a subsequence we may assume that D i > D i−1 and that each a i (t) is not D i−1 -contracting. Let A n = {a i (t)} i≥n+1 . Note that for all n and all D, A n ∩ ∂ D c X is a finite set and therefore closed in each component, so A n is closed in ∂ c X.
The collection O = {∂ c X\A n } is an open cover of K, but each open set only contains finitely many of the a i (t). Take any finite subcollection of O, it will only cover finitely many of the a i (t) and so it is not a cover, therefore K is not compact. We can then conclude that if K is compact, it is contained in one of the components ∂ D c X for some D. Because the topology on ∂ c X is finer than that of ∂X any set which is compact in the contracting boundary is compact in the visual boundary. In other words every compact set K in the contracting boundary is of the form
We will also want to know when sequences in the contracting boundary converge. It turns out that a sequence converges in the contracting boundary if and only if it converges in the visual boundary and its contracting constants are uniformly bounded above.
Lemma 3.4. Let X be a proper CAT(0) metric space. A sequence a i (t) in ∂ c X x converges to a point b(t) ∈ ∂ c X x if and only if the following two conditions hold:
(1) There is a uniform K such that for all i a i (t) is K-contracting.
(2) In the visual boundary a i (t) → b(t).
Proof. ⇐ Since a i (t) are all K-contracting then the set {a i (t), b(t)} ⊆ ∂ M c X x where M is the max of the contracting constant of b(t) and K. The topology on this component is just the subspace topology and thus since the a i (t) → b(t) in the visual boundary the convergence happens in this component as well. Because each of these components are topologically embedded the convergence takes place in ∂ c X x as well.
⇒ Note that the topology on ∂ c X x is finer than that of the subspace topology. i.e. If condition (2) fails then a i (t) will not converge to b(t) in the contracting boundary.
Assume (1) fails, this means that for each k ∈ N there is an i k such that a i k (t) is not k contracting. Consider the set {a i k (t)}, this subsequence is in fact closed in ∂ c X x because only finitely many of them are in each ∂ D c X x and are thus closed in the subspace topology. Thus
The topological dynamics of the action on the boundary
The topological dynamics of a group action can be a powerful tool in understanding the global topology. In order to better gain an understanding of the contracting boundary of cocompact CAT(0) spaces we will attempt to exploit some well known results from δ-hyperbolic spaces.
Most of the following results are well known dynamical results for the visual boundary of a CAT(0) group which contains a rank-1 isometry and a result of Ballmann and Buyalo's [7] guarantees this is the case for the cocompact groups we are considering here. However, the definition of the topology as a direct limit of spaces gives the contracting boundary a much finer topology than the subspace topology would. Because of this different topology we are considering, it is necessary to reprove (and in some cases reword) these dynamics results as none of them will follow as immediate corollaries from the known theorems.
For non-elementary hyperbolic groups the orbit of every point in the boundary is dense. This establishes a strong dichotomy, either the group is virtually Z or its boundary has no isolated points.
Our first theorem is establishing this result in the case of the contracting boundary, i.e. the contracting boundary either has no isolated points and has a countable dense subset, or the group is virtually cyclic. This is very similar to a result of Hamenstädt's on the limit set when the group contains a rank one isometry [6] .
In the spirit of treating the contracting boundary as a replacement of the Gromov boundary for CAT(0) spaces it is natural to ask is whether axial isometries act with North-South Dynamics and if the group G acts as a convergence group action on ∂ c X. Because the contracting boundary is not compact the classical formulations of these dynamical properties will have to be reinterpreted somewhat. This theorem is closer to Papasoglu and Swenson's π-convergence from [16] than it is to a true convergence action. A corollary of this theorem is that rank-1 isometries act with a version of North-South dynamics on the contracting boundary. Corollary 4.3. Let X be a proper CAT(0) space and let G be a group acting geometrically on it. If g is a rank-1 isometry in G, U is an open neighborhood of g ∞ and K is a compact set in ∂ c X − g −∞ then for sufficiently large n, g n (K) ⊆ U .
4.1.
Failure of classical north-south dynamics. By classical north-south dynamics we mean the following theorem.
Theorem 4.4. If G is a δ-hyperbolic group acting on its Cayley graph X and if g is an infinite order element then for all open sets U and V with g ∞ ∈ U and
It is a well established fact that for CAT(0) groups the classical version of northsouth dynamics of axial isometries on the visual boundary fails. In particular, if the isometry is not rank-one whole flats may be fixed by the isometry.
Unfortunately, even if g is a rank-1 element of G, this classical version of northsouth dynamics on ∂ c X still fails. If a(t) is an axis for g there are open sets U and V of a(∞) and a(−∞) such that g N (∂ c X\V ) ⊆ U for any N .
Note: This is in direct contrast with the subspace topology on the set of contracting geodesics, (∂ sub c X). In [6] and [19] it was proven that rank-1 isometries act on the entire visual boundary with north-south dynamics and thus on any subspace containing the end points.
For an example of the failure of the classical north-south dynamics of rank-1 isometries on the contracting boundary consider the RAAG, A Γ = a, b, c | [b, c] . This is the fundamental group of the Salvetti complex, X (see figure 2) , and it's universal cover,X, is a CAT(0) cube complex on which A Γ acts geometrically [20] . Let a(t) be an axis for the loxodromic element a. Let b i (t) be the geodesics following the words a −i b i aaaa · · · . Note that the contracting geodesics b i (t) do not converge to a(−∞) in the contracting boundary. This is because the intersection of the set {b i (t)} with each of the contracting components ∂ D c X is a finite set and therefore closed in the subspace topology, and thus {b i (t)} is closed in ∂ c X. The set V = U a(−∞) (r, ) ∩ ∂ c X \ {b i (t)} is then an open set around a(−∞) but for all N we have a N b N (t) ∈ U a(∞) (r , ) for all < r .
4.2.
Proof of Theorem 4.1. The first step in proving this theorem will be to prove an initially weaker result. We will prove that for a cocompact CAT(0) space, the orbit of a point in the contracting boundary is either a singleton or is dense. The proof relies on the observation that the orbit of a bi-infinite geodesic is easier to understand and contains more geometric information than the orbit of an infinite ray. We will take some contracting ray and one of its orbit points and connect the two with a bi-infinite geodesic. It is then reasonably easy show that the orbit of this bi-infinite geodesic is dense in the contracting boundary.
Proposition 4.5. If the action of G on X is cocompact and α + ∈ ∂ c X then α + is globally fixed by G or its orbit is dense in ∂ c X.
Proof. First note that if there are only two points in ∂ c X then the proposition is obvious. Either the orbit is a singleton or it is the entire boundary. So from now on we may assume that |∂ c X| > 2 and that α + isn't globally fixed. To show that the orbit is dense it suffices to show that for all β ∈ ∂ c X there exists a sequence of g i ∈ G such that g i α + → β. If β ∈ Gα + then we are done since there is an h such that β = hα + so the constant sequence g i = h will work.
If β is not in the orbit of α + pick a point distinct from α + in the orbit and call it α − , i.e. hα + = α − for some h = e. By the visibility of ∂ c X there is a geodesic connecting α − to α + . If we label this geodesic a(t) and pick a base point x = a(0) on it there is also a representative of β, b(t), such that b(0) = x. Figure 3 . Convergence of α translates Note: Since α + and α − are different elements of the contracting boundary there are two different contracting constants for their representatives a(t)| [0,∞) and a(t)| (−∞,0] , but by Lemma 2.6 we have a uniform contracting constant for all of a(t) and we shall call it A. For the representative, b(t), of β let B be its contracting constant. Since Lemma 2.3 guarantees that a(t) and b(t) are slim, we will denote δ A and δ B as their slimness constants respectively. To make the following discussion simpler, we will assume that A and B are chosen so that all subsegments (finite or infinite) of either geodesic are also contracting with the same constant.
By the cocompactness of the action of G on X there is a uniform C > 0 such that for each i ∈ N there is a g i ∈ G such that d(g i x, b(i)) ≤ C. Since we've picked g i so that the orbit of x travels up along b(t) we'd like to say that the geodesic a(t) follows suit, but first we need to pass to a subsequence.
Let g i a(t) be the bi-infinite geodesic connecting g i α − to g i α + with base point g i x. Now note that there is a t i such that g i a(t i ) is the projection of x on g i a(t) (see figure 3) .
Infinitely many of the t i will be either positive or negative, so by passing to a subsequence we may assume that all the t i have the same sign.
In the following argument we will consider the case when the t i ≤ 0. In this case we will prove that g i α + → β. If instead, the t i > 0 the following argument will go through, mutatis mutandis, to show that g i α − → β. Because α − = hα + , this tells us g i hα + → β. Thus, in either case, the orbit of α + will accumulate on any β ∈ ∂ c X.
Consider the representatives of g i α
+ starting from the base point x and denote them k i (t). To show that the sequence k i (t) converges in ∂ c X to b(t), lemma 3.4 says we only need the following two conditions:
(1) There is a uniform K such that for all i, k i (t) is K-contracting. (2) k i (t) converges to b(t) in the visual boundary ∂X.
It turns out that these two ingredients are a direct consequence of the following lemma: Lemma 4.6. For each i we have that
Proof of lemma 4.6. For the following discussion see figure 3 . We only need to show that the distance from the point b(i) to the geodesic k i (t) is δ A + C then applying lemma 2.15 we get the result.
Observe that g i a(t) is A contracting and thus there is a point w on the geodesic k i (t) which is within δ A of π gia(t) (x) by lemma 2.10. Recall that π gia(t) (x) = g i a(t i ) and that t i ≤ 0. By the convexity of the distance function any point along the geodesic g i a| [ti,∞) (t) will also be within δ A of k i (t). In particular, since
Because of how the g i were defined we also have that d(g i x, b(i)) ≤ C. This lets us conclude that d(b(i), k i (t)) ≤ δ A + C. Proof of condition (2) . Recall that the sets form a local neighborhood basis for the visual boundary. So for each U b(t) (ε, r) we need an N such that k i (t) ∈ U b(t) (ε, r) for i ≥ N . N (ε, r) := max r , 2r(δ A + C) ε is just such an N because when i ≥ N (ε, r) we get the following chain of inequalities:
Lemma 4.6 is the key to establish conditions (1) and (2).

Proof of condition (1). Since d(k
The first inequality is just a restatement of the convexity of the distance function (and was the reason N (ε, r) is chosen as a max), the second is a result of lemma 4.6 and the final inequality is just a restatement of the definition of N (ε, r). Thus we have that the sequence k i (t) converges to b(t) in the visual boundary.
Establishing conditions (1) and (2) tells us that k i (t) → b(t) in ∂ C X x . Because b(t) was arbitrary this tells us that the orbit Gα + is dense in ∂ c X x and so the statement of the proposition is proven.
The following corollary will come up later and so we will include it here. It states that the orbits of contracting things which aren't globally fixed are dense in the visual boundary.
Corollary 4.7. If G acts cocompactly on X and α + ∈ ∂ c X isn't globally fixed by G then its orbit is dense in ∂X.
Proof. This is an immediate consequence of the proof of condition (2) in the above. At no point was the contracting constant of b(t) used and so replacing it with a non-contracting geodesic gives the same result. (Note that in this case condition (1) fails). Proposition 4.5 is the major component of our theorem, but there remains a few loose ends. Here is an outline what remains of the proof. We need to first show that there are enough contracting geodesics in any cocompact CAT(0) space, namely that if the contracting boundary is not empty it contains at least 2 points. Second, we need to show that if there are exactly two points in the contracting boundary the group is virtually cyclic. This will establish our dicotomy, that our group is virtually cyclic or there are strictly more than two points in our contracting boundary. Finally, it will be easy to then show that if there are more than two points in the contracting boundary, none of them are globally fixed. Proof. ⇒ Let a(t) be a contracting geodesic connecting the two points in ∂ c X.
Recall that this implies that a(t) is δ-slim for some δ. Because the action of G on X is cocompact there is some C such that for all points x ∈ X there is some g x such that d(g x a(0), x) ≤ C. Because the contracting boundary only contains two points then g x a(t) is a bi-infinite geodesic which is asymptotic to the bi-infinite geodesic a(t). By lemma 2.8 we have that d(g x a(t), a(t)) ≤ 2δ so the distance between x and a(t) is bounded by 2δ + C. Thus a(t) is a quasi-surjective quasi-isometric embedding of R, i.e. X is quasi-isometric to the real line, and thus G is QI to Z. It is a standard exercise to show that a group which is QI to Z is virtually cyclic. For a sketch of the proof see [21, pg 10 exercise 1.16] ⇐ If G is virtually Z then it is QI to R. The contracting boundary of a CAT(0) space is a QI invariant, so ∂ c X = ∂ c R which is two discrete points.
Lemma 4.9. If X is a proper CAT(0) space with a geometric action and ∂ c X = ∅ then |∂ c X| ≥ 2.
Proof. Since the contracting boundary is non-empty we have at least one contracting ray a(t), now look at the orbit of a(t), if it is not fixed we're done since the orbit of a contracting ray is contracting. If it is fixed then by lemma 2.11 every geodesic ray is contracting. So now the only way that we wouldn't have at least two points in the contracting boundary was if all infinite geodesics were asymptotic. However, if a CAT(0) group is not finite, it contains an infinite order element which has an axis in X, for a proof see [22] . Proof. Let α ∈ ∂ c X be a fixed point. By lemma 2.11 we have that every geodesic in X is contracting. In particular, we have that X cannot contain a Euclidean flat and thus by The Flat Plane Theorem 4.10 X is δ-hyperbolic.Švarc-Milnor then tells us that G is a δ-hyperbolic group. Note that in this case the contracting boundary is the Gromov boundary.
Recall that if a δ-hyperbolic group is non-elementary i.e it is neither finite nor virtually cyclic, then it has no globally fixed points in its boundary. This is because it must contain an undistorted free group on two generators and the generators both act by North-South dynamics on the boundary with disjoint fixed points. For a proof of these facts see [21, Chapter 8] . The group G is then virtually Z and so we are done.
4.3.
Proof of Theorem 4.2. We will prove theorem 4.2 by proving the easier to state theorem below.
Theorem 4.12. Let γ + and γ − be points in the contracting boundary. If there is a sequence of isometries g i such that g i x → γ + and g
We can loosen the hypothesis that the g
−1 i
converge to γ − to obtain theorem 4.2 from theorem 4.12. By a result of Ballman-Buyalo [7] if g i x → γ + then (passing to a subsequence if necessary) the inverses converge to something in the boundary. Because the forward endpoint is contracting it is straightforward to show that the backwards end point must be contracting as well.
Because open sets in ∂ c X can be much finer than in the visual boundary it is not a priori obvious that there will be any form of North-south dynamics on the contracting boundary. The important observation is that all open sets around γ + have a "B-contracting core" which contains the set of all B-contracting elements which are nearby to γ + in the visual topology. Because the action by g i coarsely preserves the contracting constants in K, (and because they are already bounded) you can push the set K into the "core" of U with the dynamics of the visual boundary and establish that it is in fact a subset of U .
Note: I think this is not enough to use the ping-pong lemma because compact sets and neighborhoods aren't compliments of each other like they are with the visual topology. This makes me suspect that there is a decent chance this applies to the Morse boundary (where the ping-pong lemma must fail in general). Because of this I include a proof of a known dynamics result (lemma 4.14) on the visual boundary of a CAT(0) space which I believe will be amenable to generalization onto the Morse boundary.
The proof will be broken up into two lemmas in order to simplify the discussion. For the following we will assume that X is a proper CAT(0) space with nonempty contracting boundary and a group of isometries G acting geometrically.
Lemma 4.13. Let V be an open set in the contracting boundary containing a point γ, then for each positive constant B there is an r and an , depending only on, B, γ and V such that ∂ B c X x ∩ U (γ, r, ) ⊂ V . Proof. We can do this by contradiction. Assume that for some B no such r and existed. Then for each n ∈ N we could find an element of ∂ B c X x ∩ U (γ, n, 1) which is not in V . i.e. we have a sequence of geodesics η n such that η i ∈ U (γ, n, 1) for all i ≥ n which is no more than B-contracting. Because this is precisely the condition for convergence of a sequence in the contracting boundary laid out in lemma 3.4 we have that η n → γ but that the η n are not in V . Because V is a neighborhood of γ this is a contradiction. ⇒⇐
The following lemma is a direct consequence of the π-convergence due to Popasolgu and Swenson in [16] . This lemma should be generalizable to the Morse boundary so we will provide a different proof which does not rely on the Tits-metric and so is likely easier to generalize. Lemma 4.14. Let γ + , γ − be elements in ∂ c X and g i be a sequence of group elements such that g i x → γ + and g
For any neighborhoods of γ − and γ + in the visual topology of the form U (γ − , s, ε) and U (γ + , r, ), there is an N such that for all points α in the set
Proof. For the sake of simplicity we can assume that the base point x is on a geodesic from γ − to γ + . We will denote the geodesic [x, g Figure 4 . Bounding p i .
generality we may assume that D is large enough to also bound the distance from g i x to γ + . Lemma 2.4 then tells us that all the c i (t) are B-contracting for some constant B because the geodesic from γ + to γ − is contracting. Let a(t) denote the parametrized geodesic from x to α and b i (t) be the geodesic from g −1 i x to α. By slimness there are three points, c i (p i ), b i (y i ) and a(z i ), such that the pairwise distance is less than δ B (See figure 4) . We will show that p i is uniformly bounded for all i. This will in turn imply that the distance from g
Note that convexity guarantees that there is a point, γ − (w i ), which is at most a distance D from c i (p i ). The uniform bound on p i is inherited from the fact that α is outside of U (γ − , s, ε). The following computation makes this more precise. In particular,
Assume this was false. Applying the triangle inequality
This then gives us the following:
Convexity and the triangle inequality then tells us:
But this is a contradiction because it says that a(t) is in U (γ − , s, ε). So for all i, p i is uniformly bounded above.
For the next step consider figure 5 .
This is enough to prove that the geodesic g j (b j (t)) is in the neighborhood
is the representative of g j (α) with base point x, so once we prove this it establishes the lemma.
Because g i is an isometry, from above we know that
We can use the same argument as above with k i in place of p i to obtain that v i , y i > r.
Applying our previous argument mutatis mutandis for j ≥ N we obtain the inequalities:
r Which establishes that g j (b j (t)) is in U (γ + , r, ) for sufficiently large j.
Proof of Theorem 4.2. We may assume that x is on the bi-infinite geodesic γ(t) from γ − to γ + . Let K be a compact set in ∂ c X − γ − and U an open set containing γ + in ∂ c X. By lemma 3.3 there is a uniform A such that all elements α in K (with basepoint x) are no more than A-contracting. Now because the g i x converge to γ + and the g −1 i x converge to γ − there is a D which bounds the distance of the g i x from γ(t).
Let c i (t) denote the geodesic from x to g i x. Because this is a bounded distance from γ(t) we know that it is no more than B-contracting where B depends on the contracting constant of γ(t) and D. By the slimness of c i (t) we then have that there are points on c i (t), the geodesic from x to g i α, and the geodesic from x to γ + , u i , v i and w i respectively, such that the pairwise distances are no greater than δ B . This means that the geodesic from x to g i α is composed of two subsegments, [x, v i ] and [v i , g i α), both of which are contracting by lemma 2.4 and their contracting constants depend only on A and B. So there is a C such that every element in g i (K) is no more than C contracting. By lemma 4.13 for the contracting constant C there is an r and an such that ∂ C c X x ∩ U (γ + , r, ) ⊂ U . Because K is a compact set in the contracting boundary by lemma 3.3 there is an s and an ε such that K ⊆ ∂ c X x − U (γ − , s, ε). So applying lemma 4.14, for large enough i we have that g i (K) ⊂ U (γ + , r, ), but we already know that g i (K) ⊂ ∂ C c X x and so g i (K) ⊂ U .
A characterization of δ-hyperbolicity
One of the ways in which the behavior of the contracting boundary diverges from that of the Gromov boundary is in its local topology. The Gromov boundary comes equipped with a family of visual metrics that induce the same topology on the boundary, making it a compact, complete, metric space. For the contracting boundary this happens only in the rarest of circumstances. It is quite easy to cook up examples of spaces which have non-metrizable contracting boundary. The following is one such example.
Consider again our favorite RAAG,
, along with the universal cover of its Salvetti complex,X. The infinite word w = aaaa · · · corresponds to a 0-contracting geodesic inX which starts at some lift of the natural base point x in X (see figure 2) . If we let w j i = a i b j aaa · · · , this corresponds to an infinite geodesic starting at the lift of x which is exactly j-contracting (i.e. it is not B-contracting for any B < j). It is clear that for each fixed j the sequences {w j i } i∈N converge to w in the contracting boundary. Now if we construct a new sequence by picking an i for each j, i.e. we choose a function f : N → N, then regardless of our choice of f the new sequence {w j f (j) } j∈N will never converge to w. This is because the set {w It is a general fact for all first countable spaces that if you have a countable collection of sequences which all converge to the same point, it is always possible to pick a 'diagonal' sequence which also converges. i.e. if we have {x
The proof of this is an elementary exercise in point-set topology. Because this is impossible in the above example we can see that the contracting boundary ofX cannot be metrizable.
Of course, for some CAT(0) spaces, the contracting boundary is metrizable, any CAT(-1) spaces for instance. It turns out that this is completely generic, the metrizability of the contracting boundary completely characterizes δ-hyperbolicity of cocompact CAT(0) spaces. Figure 6 . Periodic isometries coarsely fix contracting constants (vi) ∂ c X is locally compact. (vii) ∂ c X is first-countable, and in fact metrizable.
In order to prove these equivalences we need a bit more fine control over how the contracting constants change under the group action. When there is a rank-one isometry you can say precisely how the contracting constants are changing as you act on a contracting ray. We will make that more precise below, but first we need some notation.
Notation: If b(t) is a B-contracting geodesic in some CAT(0) space X then I will denote the minimum of all contracting constantsB := min{B | b(t) is B-contracting }.
Lemma 5.2. Let g be a rank one isometry of a CAT(0) space X whose axis, a(t), is A-contracting. If b(t) is a B-contracting geodesic with b(0) = a(0) = p, then k n (t) = [p, g n b(∞)) will be a K-contracting geodesic such that
where Ψ(B, A) =B − 16A − 77δ A − 38 16 − 3 and Φ(A, B) is as in lemma 2.6.
Proof. Consider the geodesics g n b(t) and k n (t). By lemma 2.6, because a(t) is A contracting and b(t) is B contracting, the geodesic k n (t) is at most Φ 2.6 (A, B)-contracting.
Assume for the sake of contradiction that k n (t) is K-contracting with
In particular this gives us that K + 3 <B
Because a(t) is δ A -slim then there is an x ∈ k n (t) a y ∈ a(t) and a z ∈ g n b(t) with d(x, y) ≤ δ A and d(y, z) ≤ δ A . Now because k n (t) is K contracting the subsegment [x, k n (∞)] is K + 3-contracting. The geodesic [z, g n b(∞)] is within the 2δ A neighborhood of [x, k n (∞)] so lemma 2.4 gives us an explicit upper bound on the contracting constant for [z, g n b(∞)]. In particular we know that it is at worst Φ 2.4 (K + 3, 2δ A , 2δ A )-contracting where So we know that k n (t) is K-contracting where K ≥ Ψ(B, A) Corollary 2.14 provides us with a rank-one axis whenever the contracting boundary is non-empty and so lemma 5.2 gives us fine tuned control over the contracting constants under the action of that rank-one isometry.
Remark 5.3. Suppose we have a sequence of contracting geodesics {k n (t)} and another non-contracting geodesic b(t) all with the same base point. If the end points k n (∞) converge to b(∞) in the visual boundary, then the contracting constants for k n (t) are unbounded.
We now have all of the ingredients we needed in order to prove the main theorem.
Proof of Theorem 5.1. I will first prove the equivalence of (i) through (iv). The equivalence of (v), (vi), and (vii) with the others will then be easier to show.
(i) =⇒ (ii) The slim triangle condition for a δ-hyperbolic space is easily seen to imply the slim geodesic condition that we have been using, for an explicit proof see [3] . Because every geodesic is uniformly δ-slim by the hyperbolicity condition they all have uniform contracting constants by lemma 2.3.
(ii) =⇒ (iii) Note that because the contracting constants are bounded, the directed system stabilizes i.e. the collection of contracting geodesics has the subspace topology induced from the visual boundary. Thus, if we can prove that every infinite ray is contracting we would be done, since the contracting boundary will then have the same topology as the entire visual boundary.
Let b(t) be some geodesic ray in X and pick any a(t) ∈ ∂ c X, by corollary 4.7 there is a sequence of {g i } such that g i a(t) → b(t). If b(t) is not contracting then by remark 5.3 the contracting constants of the representatives of g i a(t) that start at x = a(0) are getting worse and worse without bound, contradiction ⇒⇐.
(iii) =⇒ (iv) This is obvious.
(iv) =⇒ (i) This follows from The Flat Plane Theorem. i.e. since ∂X ⊆ ∂ c X we have that every geodesic in X is contracting, thus there are no non-contracting geodesics. In particular this implies that there are no Euclidean planes embedded in X, but by the above theorem this implies that X is δ-hyperbolic.
(iii) =⇒ (v) For a proper CAT(0) space ∂X is compact.
(v) =⇒ (vi) This is trivial.
(vi) =⇒ (ii) Assume (ii) is false, then I will show that ∂ c X is not locally compact.
Let α be some element of ∂ c X and let U be an arbitrary neighborhood of α. By corollary 2.14 there is some rank-one isometry, g, and by theorem 4.1 we may assume that the forward end point of g is in the interior of U . Let a(t) be an axis of g and let A be its contracting constant.
By assumption there is a subset B = {b i (t)} such that the minimal contracting constant of each b i (t) is bounded below by 16(i + 16A + 77δ A + 38). Applying theorem 4.1 with the g n as the g i and switching the roles of a(t) and b i (t) we can see that g n b i (∞) converges to a(∞). In particular, for each i there is an n, say n i , such that g ni b i (∞) is in U . Let the geodesics [a(0), g ni b i (∞)) be denoted by c i (t). Applying lemma 5.2 we get that the c i (t) are at least i contracting.
Let the collection C = {C i } where C i = {c j (t)} j≥i . Each set C i is a closed subset of U and C i = ∅. The collection {U \ C i } will then be an open cover of U with no finite refinement and so U is not compact. Since α and U were arbitrary ∂ c X is not locally compact.
(i) + (iii) =⇒ (vii) The Gromov boundary of a δ-hyperbolic group is metrizable and since the contracting boundary is homeomorphic to the visual boundary we are done.
(vii) =⇒ (ii) Assume that (ii) is false, that there is no upper bound on the contracting constants of the contracting boundary. We will show that the contracting boundary is not first countable (and thus not metrizable).
As with the example in the introduction to this section it is enough to exhibit a collection {α j i } and an α in the contracting boundary such that for each j, α j i → α as i → ∞, but the α j i are at best j contracting. In particular this means that for any function f : N → N the sequence α j f (j) will not converge to α. This is because the intersection of {α j f (j) } with ∂ D c X x0 will always be finite and thus the set {α j f (j) } is closed. We've already seen that the existence of such a sequence contradicts first countability.
The construction of the α j i 's aren't particularly hard in light of lemma 5.2. Since ∂ c X is non-empty we have by proposition 2.14 a rank-one isometry g with axis a(t). Now since a(t) is rank-one it has a contracting constant A and is δ A slim. We are assuming that there is no upper bound on the contracting constants for geodesics so pick a geodesic b j (t) with a minimal contracting constantB j of at least 16j + 16A + 77δ A + 38. By lemma 5.2 the geodesics k To get convergence in the visual boundary recall that a rank one isometry acts by north-south dynamics on the visual boundary [6] . Thus lim i k j i (∞) = a(∞) for each j in ∂ c X and the contracting constants are bounded below by j. This gives us that ∂ c X cannot be first countable.
